The class of piecewise-regular maps has been introduced recently in [10] . We prove that every continuous map from a compact nonsingular real algebraic variety into a sphere can be approximated by piecewise-regular maps of class C k , for arbitrary integer k.
Introduction
The problem of algebraic approximation of continuous maps into spheres has been studied for many years (see for example [2] , [9] , [1] and references therein).
Since regular maps are often to rigid to approximate arbitrary continuous maps (cf. [1] , [3] , [4] ), it is natural to ask whether approximation by maps from larger classes is possible. One of such classes is the class of continuous rational maps (introduced in [8] ) which has been extensively studied in recent years ( [5] , [6] , [7] , [9] , [11] ). It has turned out, for example, that every continuous map between spheres can be approximated by continuous rational maps (see [9] ). However, not every continuous map from an arbitrary compact nonsingular real algebraic variety into a sphere can be approximated by continuous rational maps (see also [9] ).
In a recent paper [10] , Kucharz introduced a class of piecewise-regular maps. We say that a continuous map f : V ⊃ X → W, where V and W are real algebraic varieties and X ⊂ V is some subset, is a piecewise-regular map if the following holds. There is a stratification S of V such that for every stratum S ∈ S the restriction of f to each connected component of S ∩ X is a regular map. (For precise definition see Section 2.) Under the assumption that X is a compact subset of a real algebraic variety, Kucharz proved that every continuous map from X into a sphere can be approximated by piecewise-regular maps (cf. [10] , Theorems 1.5). Another result of [10] (see Theorem 1.6) says that if V is a compact nonsingular real algebraic variety then each continuous map from V into a sphere is homotopic to a piecewise-regular map of class C k , where k is an arbitrary nonnegative integer. But for k = ∞, this result is false (see [10] , Ex. 1.7), however, the following question on a generalization of Theorems 1.5, 1.6 of [10] has been asked in [10] .
Let V be a compact nonsingular real algebraic variety and m, k, be positive integers. Can every continuous map from V into the m-dimensional unit sphere be approximated by piecewise-regular maps of class C k ? The aim of this paper is to give the affirmative answer to this question. We introduce a class of quasi-rational maps on V , which turns out to be a subclass of the class of piecewise-regular maps. Then we show that continuous maps from V into the m-dimensional unit sphere can be approximated by quasi-rational maps of class C k .
Here real algebraic varieties are defined in the same way as in [10] , so we may assume that V is a real algebraic subset of some R n . Unless explicitly stated otherwise, all topological notions relating to real algebraic varieties refer to the Euclidean topology.
Let us recall that a map g : V → R l is said to be a continuous rational map if it is continuous and there are polynomials P 1 , . . . , P l , Q 1 , . . . , Q l ∈ R[T 1 , . . . , T n ] such that no Q i is identically equal to zero on any irreducible component of V and
for all points x ∈ V with Q 1 (x) = 0, . . . , Q l (x) = 0 (cf. [9] ).
l is called a quasi-rational map if h i is a quasi-rational function, for every i = 1, . . . , l.
As in [10] , approximation is expressed in terms of the compact-open topology of the space C(V, S m ) of all continuous maps from V to the unit sphere S m ⊂ R m+1 . More precisely, by definition, a map f ∈ C(V, S m ) can be approximated by quasi-rational maps of class C k if every neighborhood of f (with respect to the compact-open topology) in C(V, S m ) contains a quasi-rational map of class C k . In view of Corollary 2.2 (see Section 2), the affirmative answer to the question stated above follows immediately from Theorem 1.1 which is proved in Section 3.
n be a compact nonsingular real algebraic subset and S m ⊂ R m+1 be the m-dimensional unit sphere. Then for every positive integer k, every continuous map from M to S m can be approximated by quasi-rational maps of class C k .
The organization of this paper is as follows. In Section 2 we present some preliminary results on piecewise-regular maps and quasi-rational maps and check the inclusion between these classes. Here we also collect basic facts on differential properties of quasi-rational maps. In Section 3 the proof of Theorem 1.1 is given.
Preliminaries
The following generalization of the definition of regular map introduced in [10] will be useful to us.
Definition. Let V, W be real algebraic varieties, X ⊂ V some (nonempty) subset, and Z the Zariski closure of X in V. A map f : X → W is said to be regular if there is a Zariski open neighborhood Z 0 ⊆ Z of X and a regular map
By a stratification of a real algebraic variety V we mean a finite collection of pairwise disjoint Zariski locally closed subvarieties (some possibly empty) whose union is equal to V.
Definition. Let V, W be real algebraic varieties, f : X → W a continuous map defined on some subset X ⊂ V, and S a stratification of V. The map f is said to be piecewise S-regular if for every stratum S ∈ S the restriction of f to each connected component of X ∩S is a regular map (when X ∩S is non-empty). Moreover, f is said to be piecewise-regular if it is piecewise T -regular for some stratification T of V.
The next theorem requires the notion of nonsingular algebraic arc (cf. [10] ). Given a real algebraic variety V, a subset A ⊂ V is said to be a nonsingular algebraic arc if its Zariski closure C in V is an algebraic curve (that is, dim(C) = 1), A ⊂ C \ Sing(C), and A is homeomorhpic to R.
The following result is taken from [10] (Theorem 2.9). Now we prove a corollary which explains the relation between quasi-rational maps and piecewise-regular maps.
Corollary 2.2 Let V ⊂ R n be a nonsingular real algebraic subset. Then every continuous quasi-rational map from V to some R m is a piecewise-regular map.
Proof. Let f = (f 1 , . . . , f m ) : V → R m be a continuous quasi-rational map. We will check that f is piecewise-regular on nonsingular algebraic arcs in V . Let A be such an arc and let C be the Zariski closure of A. Let g = (g 1 , . . . , g m ) : V → R m be a continuous rational map such that for every x ∈ V and every i ∈ {1, . . . , m} we have either
We may assume (cf. [7] ) that for i = 1, . . . , m, there are
Qi | C , and no Q i is identically equal to zero on C.
Observe that, for every i, either A ∩ E i is finite or A ⊂ E i . It is clear that in the second case, f i | A = 0.
In the first one, f i | A is regular on every connected component of A \ E i . This is because on such a component S, f i has constant sign (by continuity) so, either
Qi | S , and Q i vanishes nowhere on S. Therefore the map f is regular on every connected component of A \ T, where T is the union of all E i such that A is not a subset of E i . Now the proof is complete by Theorem 2.1.
The following lemmas will be used in the proof of our main result.
and every partial derivative of
Proof. The case k = 0 is obvious, so assume that k ≥ 1.
(a) Fix any j ∈ N with 0 ≤ j ≤ k. Observe that every partial derivative of f at (y 1 , . . . , y p ) = (0, . . . , 0) of order j is the sum of terms of the following form, multiplied by constants:
(By a partial derivative of f of order zero we mean f itself.) Clearly, every such term is an analytic function in (y 1 , . . . , y p ) on R p \ {0} p . We will check that every such term tends to zero as (y 1 , . . . , y p ) approaches zero. This is an immediate consequence of the following inequalities.
This implies that every partial derivative of f | R p \{0} p at (y 1 , . . . , y p ) of order up to k tends to zero as (y 1 , . . . , y p ) approaches zero. In order to see that every partial derivative of f at (0, . . . , 0) of order up to k exists and equals 0, it is sufficient to observe that when we divide the righthand side of the last inequality, for 0 ≤ j ≤ (k − 1), by max i |y i |, the obtained expression still tends to zero as (y 1 , . . . , y p ) approaches zero. The proof of (a) is complete.
(b) Fix any j ∈ N with 0 ≤ j ≤ k. Observe that every partial derivative of g at (x, y) = (0, 0) of order j is the sum of terms of the following form, multiplied by constants:
where t, s i , m i ∈ N satisfy 0 ≤ t ≤ j and s 1 + s 2 = t, and
Clearly, every such term is an analytic function in (x, y) on R 2 \ {0} 2 . We will check that every such term tends to zero as (x, y) approaches zero. This is an immediate consequence of the following inequalities.
This implies that every partial derivative of g| R 2 \{0} 2 at (x, y) of order up to k tends to zero as (x, y) approaches zero. In order to see that every partial derivative of g at (0, 0) of order up to k exists and equals 0, it is sufficient to observe that when we divide the righthand side of the last inequality, for 0 ≤ j ≤ (k − 1), by max{|x|, |y|}, the obtained expression still tends to zero as (x, y) approaches zero. The proof of (b) is complete.
(c) can be proved in the way very similar to (b).
The class of functions defined below will be used for several times in the sequel.
Definition. For any smooth submanifold
, and the map (
, where l, k ∈ N with k ≥ 1 and l ≥ k+1. Then for every continuous function g :
Proof. The problem is local so we may assume that M is an open subset of R j , for some j. By hypothesis, there is
Now, it is not difficult to observe that for such g there exist all partial derivatives of order up to k at every point of M. These partial derivatives vanish identically on h −1 (0) and are continuous on M.
Let N be any subset of a compact submanifold M of R n and let h : M → R be any continuous function. For any δ > 0 set N δ = {x ∈ M : dist M (x, N ) < δ} and set ||h|| N = sup x∈N |h(x)|. We assume ∅ δ = ∅ and ||h|| ∅ = 0. Lemma 2.6 Let M ⊂ R n be a compact, nonsingular, algebraic subset and let f, g : M → R be continuous, nonnegative, semialgebraic functions. Assume that (f · g) −1 (0) = ∅ and that for every connected componentM of M, either
is a smooth submanifold ofM of pure codimension 1 inM . Then for every ε > 0 there are P, Q ∈ R[x 1 , . . . , x n ] and an open tubular neighborhood T of (f · g) −1 (0) in M of constant radius such that ||f · g|| T < ε and such that the following conditions are satisfied:
Remark. The algebraicity assumptions above can be relaxed, but we prefer to state this lemma in the setting in which it will be used.
Proof of Lemma 2.6. Fix ε > 0 (we may assume ε < 1)
. Choose an open tubular neighborhood T of (f ·g) −1 (0) in M of constant radius so small that ||f ·g|| T < ε and for every connected component A of M \ (f · g) −1 (0) there is precisely one connected componentÂ of M \ T such thatÂ ⊂ A.
Next choose δ > 0 so small that (f −1 (0)) 2δ ∪ (g −1 (0)) 2δ ⊂ T, and moreover,
Using the Stone-Weierstrass theorem, approximate f − ε1 2 and g − ε1 2 on M by polynomials P, Q, respectively, with precision high enough to ensure that
In particular, it follows that (P · Q) −1 (0) ⊂ T. Proof of (a). LetÂ 1 , . . . ,Â s denote all pairwise distinct connected components of M \ T . By the previous paragraph,Â j ∩ (P · Q) −1 (0) = ∅, so there is the uniquely determined connected component B j of M \ (P · Q) −1 (0) witĥ
We shall need the following property of {B i }. If i = j, then B i = B j . If this was not true, then there were a i ∈Â i and a j ∈Â j and a path connecting these points in B i = B j . The path must intersect (f · g) −1 (0) at some point b becausê
we proceed identically.) We have P (b) < 0 and P (a i ) > 0. Consequently, at some point d of the path P (d) = 0. This implies that
Now we show that for every connected component
Observe that for every i ∈ {1, . . . , s} eitherÂ i ⊂ B or A i ∩ B = ∅. Indeed, if for some i we had thatÂ i was not a subset of B and A i ∩ B = ∅, then from the connectedness ofÂ i we had ∂B ∩Â i = ∅. But this is impossible because (P · Q)| ∂B = 0 and (P · Q)
We know thatÂ i ∪Â j is not a subset of B so, in view of previous paragraph, eitherÂ i ⊂ T orÂ j ⊂ T , a contradiction.
Let us verify the first claim of (a). Fix a connected component A of M \ (f · g) −1 (0). LetÂ be the unique connected component of M \ T such that A ⊂ A. Since (P · Q) −1 (0) ∩Â = ∅, there is the uniquely determined connected component B of M \ (P · Q) −1 (0) containingÂ. ThereforeÂ ∪ T ⊂ B ∪ T and the proof of (a) is complete because A ⊂Â ∪ T .
Proof of (b). Fix any l ∈ N. Since ||f || (f −1 (0)) δ < ε 2 and ||g|| (g −1 (0)) δ < ε 2 , we can take α ∈ R, α > 0 so small that
Note that f + α, g + α > 0, hence close approximation of
by polynomialsf ,g, respectively, on M givesf > 0,g > 0 and
and
Finally observe that
The same argument shows that ||g −g · Q|| M < ε, proving (b).
Proof of Theorem 1.1
We may assume that M is a compact, nonsingular, algebraic subset of
One can easily approximate u 1 , . . . , u m+1 by Nash functions (i.e. functions which are both semi-algebraic and analytic) to obtain a Nash map into S m approximating u. Indeed, first, using the Stone-Weierstrass theorem, approximate u 1 , . . . , u m+1 by polynomialsû 1 , . . . ,û m+1 to get a map u = (û 1 , . . . ,û m+1 ) into R m+1 \ {0} m+1 . Next, composeû with the standard retraction of R m+1 \ {0} m+1 onto S m , which yields
).
To complete the proof of Theorem 1.1 it is sufficient to approximateũ by quasi-rational maps of class C k into S m . Hence, we may assume that u 1 , . . . , u m+1 are Nash functions. Moreover, we may assume that u −1 j (0) = ∅, for j = 1, . . . , m + 1. Indeed, if this is not the case, then the map u is not surjective. But S m with a point removed is biregularly isomorphic to R m , hence if u is not surjective, then the problem is trivial. Finally, we may assume that for every j = 1, . . . , m + 1 and for every connected componentM of M , either M ∩u
is a smooth submanifold ofM of pure codimension 1 inM . Indeed, if this is not the case, then one can perturbû 1 , . . . ,û m+1 by adding small constants before retractingû onto the sphere.
Define a new family of continuous, semialgebraic non-negative functions:
. . , m. In particular, v m+1 = 1. It is clear that u i , v i satisfy the following system of equations: = 1 and the proof will be completed. Here, note that if the approximationv m+1 of v m+1 = 1 is close enough, thenv m+1 > 0. Now we will prove that v i can be approximated by continuous rational functions of class C k and u i can be approximated by quasi-rational functions of class C k satisfying the equations listed above. This will be done indirectly: approximating every u i , for i = 2, . . . , m + 1, will be preceded by approximating the absolute value |u i | by a nonnegative continuous rational function
(M ) see Section 2.) Using |ū i | and Lemma 2.5, we will produce a quasi-rational approximation of u i satisfying the requirements.
The whole construction will be carried out in m steps. In the first step we handle the functions appearing in the equation u Let us discuss the first step. From the first equation we have
is a smooth submanifold ofM of pure codimension 1 inM . Clearly, f, g are continuous nonnegative semialgebraic functions.
By Lemma 2.6, we obtain polynomial approximationsf of f andĝ of g of the formf =f · P 2l andĝ =g · Q 2l with any given precision ε, where
and set |ū 2 | =f ·ĝ. Thenū
. It is clear thatū 1 , |ū 2 |,v 2 approximate u 1 , |u 2 |, v 2 , respectively. To complete the first step it remains to recoverū 2 with certain regularity properties when |ū 2 | is given. Actually, we need to control some regularity properties ofv 2 as well becausev 2 will be used to defineū 3 in the next step of the construction.
We havef
In order to defineū 2 , given |ū 2 |, it is sufficient to define the sign ofū 2 on every connected component of
. By Lemma 2.6, there is a tubular neighborhood T of (f · g) −1 (0) and there are connected components
. . , B s set the sign ofū 2 arbitrarily and set u 2 | (P ·Q) −1 (0) = 0. Clearly,ū 2 is a quasi-rational function and, by Lemma 2.5, u 2 ∈ C k+1 (M ). Let us check thatū 2 approximates u 2 on B i , for i = 1, . . . , s. It is clear thatū 2 approximates u 2 on A i ∩ B i . This is because u 2 andū 2 have the same sign at every point of A i ∩ B i and |ū 2 | approximates |u 2 |. On the other hand, B i \ A i ⊂ T . If this was not true, then we had
the functionū 2 does approximate u 2 on B i \A i because, by Lemma 2.6, the functions |u 2 | = f ·g, |ū 2 | may be assumed as small on T as we wish. Hence, u 2 andū 2 are close to zero on T , therefore close to each other (even if u 2 andū 2 have different signs at some points of T ).
Let us check thatū 2 approximates u 2 on every connected component of
. . , B s is contained in T and the assertion follows as above. Thus we have proved that u 2 approximates u 2 on M.
Steps numbered by i ∈ {2, . . . , m} are slightly different. We will describe them inductively. Assume that step number j, where 1 ≤ j < m, has been accomplished i.e. we have continuous functionsū j+1 ,v j+1 approximating u j+1 , v j+1 , respectively, such that |ū j+1 |,v j+1 ∈ C (we assumē v 1 =ū 1 ). In particular,ū j+1 is a quasi-rational function and, by Lemma 2.5, u j+1 ,v j+1 ∈ C k+1 (M ). We will define continuous functionsū j+2 andv j+2 approximating u j+2 , v j+2 , respectively, such that |ū j+2 |,v j+2 ∈ C . In particular,ū j+2 will be a quasi-rational function and, by Lemma 2.5,ū j+2 ,v j+2 will be of class C k+1 , which will complete the proof.
From the input data we have semialgebraic functions v j+1 , u j+2 , v j+2 satisfying v
This is well defined as by the definition of v j+2 we have v j+2 ≥ v j+1 ≥ 0.
4α . Now observe that f := √ v j+2 − v j+1 and g := 1 satisfy the hypotheses of Lemma 2.6. Indeed, from the equation
By Lemma 2.6, we obtain polynomial approximationγ of f = √ v j+2 − v j+1 of the formγ =f ·P 2l with any given precision ε (we assume ε < 1), where P,f ∈ R[x 1 , . . . , x n ],f > 0 on M and l = 4 m−j (k + 1) 2(m−j+1) . In particular, we havē γ ∈ C k+1 4 m−j (k+1) 2(m−j+1) (M ). Next approximate, using the Stone-Weierstrass approximation theorem, the function ( 4ᾱ . Using Lemma 2.4 we obtainv
Now the assertion follows by Lemma 2.4. It is clear thatv j+2 and |ū j+2 | defined above are nonnegative continuous rational functions satisfyingv
. It is also not difficult to observe that ifγ,Ā andv j+1 approximate
) and v j+1 , respectively, with precision high enough, thenv j+2 and |ū j+2 | are good approximations of v j+2 and |u j+2 |, respectively.
To complete the step number j + 1 it remains to recoverū j+2 approximating u j+2 when |ū j+2 | approximating |u j+2 | is given. To do this, it is sufficient to define the sign ofū j+2 on every connected component of M \ |ū j+2 | −1 (0) and to check that the obtained function satisfies the requirements.
From the equation |ū j+2 | =γĀ 2 ·(1+v . . , B s set the sign ofū j+2 arbitrarily and setū j+2 | (γ) −1 (0) = 0. Clearly,ū j+2 is a quasi-rational function and, by Lemma 2.5,ū j+2 ∈ C k+1 (M ). Let us check thatū j+2 approximates u j+2 on B i , for i = 1, . . . , s. It is clear thatū j+2 approximates u j+2 on A i ∩ B i . This is because u j+2 andū j+2 have the same sign at every point of A i ∩ B i and |ū j+2 | approximates |u j+2 |. On the other hand, B i \A i ⊂ T . If this was not true, then we had ((B i \A i )\T )∩A j = ∅ for some j = i because s i=1 A i ∪ T = M. Then ((B i \ A i ) \ T ) ∩ (B j ∪ T ) = ∅ so B i ∩ B j = ∅ for some j = i, a contradiction. Since B i \ A i ⊂ T , the function u j+2 does approximate u j+2 on B i \ A i because, by Lemma 2.6 and by the fact that |ū j+2 | approximates |u j+2 |, the functions |u j+2 | = f · √ v j+2 + v j+1 , |ū j+2 | may be assumed as small on T as we wish. Hence, u j+2 andū j+2 are close to zero on T , therefore close to each other (even if u j+2 andū j+2 have different signs at some points of T ). . . , B s is contained in T and the assertion follows as above. Ifγ is close to f then (γ) −1 (0) has empty interior in M. Thus we have proved thatū j+2 approximates u j+2 on M.
